We present the solutions for the boundary value problems of elasticity when a homogeneous and istropic solid of an arbitrary shape is embedded in an infinite homogeneous isotropic medium of different properties. The solutions are obtained inside both the guest and host media by an integral equation technique. The boundaries considered are an oblong, a triaxial ellipsoid and an elliptic cyclinder of a finite height and their limiting configurations in two and three dimensions.
INTRODUCTION.
Composite media problems arise in various fields of mechanics and geophysics.
In this paper we first present the solutions for boundary value problems of elastostatics when a homogeneous and isotropic solid of an arbitrary shape is embedded in an infinite homogeneous isotropic medium of different properties. The solutions are obtained inside both the guest and the host media. The boundaries considered are an oblong, an ellipsoid with three unequal axes, and elliptic cylinder of finite height and their limiting configurations in two and three dimensions. The exact interior and exterior solutions for an ellipsoidal inclusion and its limiting configurations are presented when the infinite host media is subjected to a uniform strain. For other configurations the solution presented are approximate ones. Next we present the formula for the energy stored in the infinite host medium due to the presence of an arbitrary symmetrical void in it. This formula is evaluated for the special case of a spherical void. Finally, we analyse the change of shape of a viscous incompressible ellipsoidal region embedded in a slowly deforming fluid of a different viscosity. Two interesting limiting cases are discussed in detail.
The analysis is based on a computational scheme in which we first convert the boundary value problems to integral equations. Thereafter, we convert these integral equations to infinite set of algebraic equations. A judicial truncation scheme then helps us in achieving our results. Interesting feature of this computational technique is that the very first truncation of the algebraic system yields the exact solution for a triaxial ellipsoid and very good approximations for other configurations.
The main analysis of this article is devoted to three-dimensional problems of elasticity and viscous fluids. The limiting results for various two-dimensional problems can be deduced by taking appropriate limits.
MATHEMATICAL PRELIMINARIES
Let (x,y,z) be Cartesian coordinate system. A homogeneous three-dimensional solid of arbitrary shape of elastic constants k2 and 2 occupying region R 2 is embedded in an infinite homogeneous isotropic medium of R 1 of elastic constants X1 and i" The elastic solid is assumed to be symmetrical with respect to the three coordinate axes and the origin 0 of the coordinate system is situated at the centroid of R 2. Let S be the boundary of the region R 2 so that the entire region is R R 1 + S + R 2. The stiffness tensors Cijkg(), ( x,y,z) R, 1,2 are constants and are defined as Cijk XSij6k + a(6ikj + i6jk), (2.1) where 6's are Kronecker deltas. The latin indices have the range 1,2,3.
The integral equation which embodies this boundary value problem is derived in precisely the same fashion as the one in reference [i] . Indeed For a cube of edge 2a, the above values reduce to and k is summed. All the other shape factors can be i i tllll t2222 t3333
When we take the limit c in relations (3.1), we obtain the following values of the non-zero shape factors for an infinite rectangular cylinder occupying the region R2: Ixl < a, IYl < b, < z < . tllll' ti122 4 0 (u+a2) (u+b 2)
When b a, we again recover the corresponding results for a spherical inclusion.
In the limit < in relations (3.9) and (3.10), L 2 
x R,
where o's have to be defined. Accordingly, in this case
When this infinite host medium has an isotropic elastic ellipsoidal inclusion of Lame's constants k2' 2 occupying the region R2:
then the exact inner solution is given by (1-2c 1) [ Similarly, using the shape factors of oblate spheroid as given by relations (3.9) we obtain from equations (4.3), (4.5) and (4.6) the exact solution for this limiting case. Formulas for various other configurations such as an elliptic disk can now also be derived.
In precisely the same manner we use the shape factors of the oblong as given by (3.1) and that of elliptic cylinder of finite height as given by (3.12 ) and derive the first approximation to the interior solutions of these cases from equations (4.3), (4.5) and (4.6). These results yield, in the limit, the corresponding formulas for the configurations such as a cube and a circular cylinder of finite height.
Let us now discuss the exact outer solution for an ellipsoidal enclosure All the other limiting configurations can be handled in the same way.
ARBITRARY SYMMETRICAL CAVITY AND STRAIN ENERGY
By a symmetrical cavity we mean a cavity which is symmetrical with respect to three coordinate axes. Observe that this is also true for a symmetrical inclusion for which the method of finding the interior solution is given in Section 2.
Interior solutions in the case of an arbitrary symmetrical cavity embedded in an infinite elastic medium are obtained in terms of the shape factors of the inclusion by setting Thus from the interior solution derived by us, we can find the components of the displacement field u(S) l+ by using formula (5.1). Formula (5.2) gives the values of the perturbation in the tractions across the outer surface S of the cavity in terms of the known values of i(S due to the prescribed stresses to which the host medium is subjected.
The elastic energy E stored in the host medium due to the presence of the symmetrical cavity is given by the formula Let us illustrate fromula (5.3) for the spherical cavity embedded in the infinite host medium so that the region R 2 is r < a. For this purpose we assume that the prescribed stress field is such that we have the uniform tension T in the directions of x,y,z axes before the creation of the cavity. In this case the O be embedded in the infinite host medium which is subjected to the devitorial uniform pure strain rate 0() as described in (6.1) so that the principal axis of 0() are parallel to those of the ellipsoidal inclusion. Due to this uniform pure strain rate the ellipsoidal inclusion gets deformed to an ellipsoid at each subsequent instant. Let, at time t, the inclusion occupy the x2/a 2 y2 2/c2 region R2: where Ull(0) and u22(0) and u33(0) are given by (6.6).
Two Important Limiting Cases. Case I. Let Co bo ao i.e., at time t 0, so that the guest medium consists of a spherical viscous incompressible fluid of viscosity 2 occupying the spherical region Zx 2 < a which is embedded in the infinite host medium of viscous incompressible fluid of viscosity i" This host host medium is subjected to devitorial constant pure strain rate eli(X) whose non-zero components are 0 (x) 0 0 ell -2e22(x) -2e33(x) U > 0.
In this particular case, the spherical inclusion gets deformed to prolate spheroid and at time t occupies the region R2: Accordingly, we can derive the values of the distinct non-zero shape factors from (6.5) by selling c b, and they are given by (3.6), substituting these values in (6.6) we have, in this case, Ull(0) -2u22(0) -2u33(0) log(a/ao), is the natural strain of the inhomogeneity and SH elI t Ut, is the natural strain applied at infinity. Relation (6.14) agrees with the known result [5] and gives w (a/ao)3/r in term of time t and expresses the required value of a in terms of t. Substituting this value of a in the 2 3
relation ab a O, we obtain the value of b in terms of t.
